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Abstract 

We conjecture that the stable Khovanov homology of torus knots can be described 
Koszul homology of an explicit non-regular sequence of quadratic polynomials. The cor- 
responding Poincare series turns out to be related to the Rogers-Ramanujan identity. 

1 Introduction 



In 112311 M. Khovanov constructed a knot homology theory which categorifies the Jones poly- 
nomial using a combinatorial construction in terms of a knot projection. Following the early 
computations of Bar-Natan and Shumakovitch Q, [1361 . BH, it became evident that the torus 
knots T(n, m) had "interesting" Khovanov homology, in the sense that their homology was 
much larger than might have been guessed from looking at the corresponding Jones polyno- 
mial, had torsion of high order, etc. Further advances in computation, most notably Bar-Natan's 
geometric Khovanov homology Q, have enabled us to calculate Khovanov homology of torus 
knots up through T(7, n), where n is relatively large [0, ll37l . These calculations have tended 
to confirm our first impression of overall complexity. 

Nevertheless, there are indications that the Khovanov homology of torus knots is not only 
interesting, but may be important to our understanding of Khovanov homology as a whole. 
The first result in this direction is the theorem of Stosic [39], who proved that if we fix n and 
allow m to vary, then (after a suitable renormalization), the groups Kh(T(n, m)) tend to a well- 
defined limit, which we denote by Kh(T(n, oo)). More recently, Rozansky 051 has shown that 
the Khovanov complex of the infinite torus braid provides a categorified version of the Jones- 
Wenzl projector, and thus should play an important role in the theory of colored Khovanov 
homology lfT5l . |[T8l ll44ll . In this framework, Kh(n, oo) appears as the n-colored Khovanov 
homology of the unknot. 

In this paper, we propose a conjectural description of Kh(T(n, oo)) for all n: 

Conjecture 1 The unreduced stable Khovanov homology Kh(T(n, oo)) is dual to the homol- 
ogy of the differential graded algebra generated by even variables x , . . . , x n _i and odd vari- 
ables £ , • • • , Cn-i; equipped with the differential d 2 defined by 

k 

g?2(£&) = ^ XiX k -i and d 2 (x k ) = 0. 

i=0 

Equivalently, this is the Koszul complex determined by the (nonregular) sequence d2^k) for 
k = n — 1. 
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Remark 2 The homology of the chain complex described in the conjecture should be the s\{2) 
Khovanov-Rozansky homology l[2E\l ofT(n, oo). This, in turn, is dual to the ordinary Khovanov 
homology (in the usual sense that they are homologies of dual chain complexes.) 

Khovanov homology is bigraded; it is equipped with both polynomial (q) and homological 
(t) gradings. With respect to the usual normalizations for these gradings, the generators Xk and 
£fc are graded as follows: 

deg(x fc ) = q 2k +H 2k , degfe) = q ™+H 2k+1 . 

The differential d 2 preserves g-grading and lowers the t-grading by 1. 

The conjecture was motivated by our work [flTl on the relation between the HOMFLY-PT 
E71 homology of torus knots and the representation theory of the rational Cherednik algebra. 
More specifically, it is known , ll33l that one can pass from the HOMFLY-PT homology of 
a knot K to its sl(N) Khovanov-Rozansky homology lf26ll by means of a spectral sequence. 
The main conjecture of [17] relates the HOMFLY-PT homology of T(n, m) to the represen- 
tation theory of the rational Cherednik algebra. On the right-hand side of this equivalence, 
it is possible to construct certain natural differentials which we believe should correspond to 
the differentials needed to pass to the si(N) homology. We arrived at the conjecture above by 
computing these representation-theoretic differentials for iV = 2 in the limiting case m — > oo. 

We hope that the conjecture will be interesting purely in the context of Khovanov homology, 
and will adopt this perspective for the remainder of this paper. 

Definition 3 We will denote the homology ofd 2 by Kh a ^(n, oo). 

An immediate consequence of the conjecture is that Kh a i g (n, oo) is especially simple if we 
use Z/2 coefficients: 

Theorem 4 Kh a i g (n, oo; Z/2) has the following Poincare series: 

i- ■ 2i+4-2i+l\ L 2 J /-, 4i + 4,4jx 



p (a t-7 ) -T\ [ +q I TT ( q f } 



With rational coefficients, the homology is more complicated. In section [3731 we construct 
some explicit elements of Kh a i g (n, oo; Q), as well as some relations which they satisfy. This 
leads to the following 

Conjecture 5 As an algebra over Q, Kh a i g (n, oo) has a presentation with generators xo, . . . , x n -\ 
and /i , • • • , /^n-2 (where ^ has bidegree q 2l + 8 t 2l + 3 ) an d relations of the form 

x(z) 2 = 0, x(z)fi(z) = 0, x(z)fi(z) — x(z)fi(z) = 0, n(z)fi(z) = (1) 

where x(z) = Yl^o XiZ% M- 2 ) = l 1 ^' an d each equation above is to be interpreted 

modulo z n . 
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Following the ideas of B. Feigin and A. Stoyanovsky ( IfTBl . see also lfT4ll . OOlO . we de- 
rive a conjectural explicit formula for the Poincare polynomial of Kh(T(n, oo)). Feigin and 
Stoyanovsky studied the structure of the coinvariants for the integrable representation of sl(2) 
at level 1 using the vertex operator equations of Lepowsky and Prime ([29]), which turn out 
to be analogous to our Koszul differential. The resulting stable homology are described by 
the equation © for the unreduced theory, and by the equation (fT9l) for the reduced theory. 
They generalize the result of Feigin and Stoyanovsky, which is itself a generalization of the 
Rogers-Ramanujan identity (ED). 

Conjecture 6 The Poincare series ofKh a i g (n, oo; Q) can be expressed as 

-. oo p 

p »b> = rp £(-i) p IK 1 - >< (2) 

llfc=iV A i 1 ) p=0 k=1 

n-l 2p-l 

x J] (1 + q u+H 2k+1 ) IJ(1 + qM+H 2 "- 1 ) X 

fc=3p+l k=l 

[q ^ + P t ^-3 P{1 + x + q&P+H 6 P -i ){1 + ^+6^+1) - 2p + 1^ + 

? 5p 2 +7p+2^5p 2 +3p-l/ 1 _|_ q 6p+6 t 6p+l\^ _ q 2p+2 t 2p\ ( n ~ 2 P\ _ 

\ P Jz 

g 5p 2 + 9p+4 t 5p 2 + 5p (1 + g 2p + 2 t 2p + l )(1 + ^p+2^-1) ^ ~ ^ ~ ^ ], 

where Xp — vv/zen p = 0, x+ = 1 /or p > 0, 

'a\ (1 - z) ■ ■ ■ (1 - z a ) 



z = q 2 t 2 , and 



bj z (1 - z) ■ ■ ■ (1 - z b )(l - z) ■ ■ ■ (1 - z a - h ) ' 
The following conjecture is due to A. Shumakovitch and P. Turner: 

Conjecture 7 ( IU7\I ) Let JC n (q,t) denote the Poincare polynomials for the Khovanov homology 
for the (n,n+ 1) torus knot. Then 

}C n (q,t) = K n - X {q,t) + JC n ^(q,t)q 2n t 2n - 2 + /C„_ 3 (g, t)q 2n+ H 2n ~\ (3) 

We prove the following 

Theorem 8 If K n (q, t) is given by the recursion relation with the appropriate initial con- 
ditions and P n (q, t) is the Hilbert series of the algebra described in Conjecture^ then 

lim K n (q,t) = lim P n {q,t). 
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Finally, we describe an intriguing connection to the physical models of coloured homology 
proposed by S. Gukov, J. Walcher and M. Stosic ([18l, lfi~9l ). In these models the homology of 
the unknot is constructed as the Milnor algebra of the certain potential W p h ys with an isolated 
singularity. 

Theorem 9 The homology ofd 2 is isomorphic to the Hochschild homology of the category of 
matrix factorizations of a certain potential W. The potential W has a non-isolated singularity 
(for n > 1) and coincided with a bihomogeneous part ofW p h ys ofbidegree (2n + 4, 2n — 2). 

We are grateful to B. Feigin, S. Gukov, M. Hagencamp, M. Khovanov, A. Kirillov Jr., S. 
Loktev, L. Rozansky, M. Stosic, J. Sussan, O. Viro, and V. Shende for the useful discussions. 
Special thanks to A. Shumakovitch for providing us with the valuable Khovanov homology 
data and explaining the Conjecture |7] Most of the computations of the Koszul homology were 
done using Singular, a computer algebra system ([8|). The research of E. G. was partially 
supported by the grants RFBR- 10-01-00678, NSh-8462.2010.1 and the Simons foundation. 

2 Evidence for the Conjecture 

In this section, we outline the evidence in support of ConjectureQ] We verify that the conjecture 
holds for T(n, oo) in the cases n = 2,3, where the Khovanov homology is well-understood. 
We then discuss the computational evidence for larger values of n. 
We define the stable Khovanov homology by 

Kh(T(n,oo)) := lim Kh(T(n, m)). 

m— >oo 

It is a theorem of Stosic [39] that this limit exists. The stable homology is normalized so that 
its Poincare polynomial is a polynomial in q and t (rather than just a Laurent polynomial), with 
constant term 1 . 

2.1 T(2,oo) 

The Khovanov homology of T(2, oo) is well-known. In the language of @|, it can be viewed 
as dual to the homology of the following chain complex: 




t = t = l t = 2 t = 3 t = 4 t = 5 



This picture has the following meaning. The Khovanov homology of the unknot is two- 
dimensional; as an algebra it can be described as H = C[xq]/(xq). This algebra carries a 
comultiplication p, defined by the equations: 

p : H -> H <g> H , p{l) = 1 <g> x + x Q <g> 1, p(x ) = 0. 
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Recall that the g-degree of x equals to 2. 

The complex is generated by the infinite number of copies of H in t-degrees 0, 2, 3, 4, . . .. 
The g-grading in a k-th copy is shifted by 2k. The maps between 2k + 1-th copy and 2/c-th 
are given by the cobordism on the picture, which can be presented as a composition of the 
comultiplication and multiplication: 

Hq <_ o <_ H [2]{A} ^ H [3]{6} <±- H [A}{8} ^ F o [5]{10} ^- • • • (4) 

Remark that mo// coincided with the multiplication by 2x , and let us introduce two formal 
variables x% of bidegree qH 2 and £i of bidegree q 6 t 3 assuming ^ to be odd. In other words, we 
identify H [2k]{Ak] with x\ ■ H and H [2k + 3}{4k + 6} with x^ ■ H 

Then the complex ((U) can be rewritten as an algebra H [xi,^i] with the differential c?(£i) = 
2x Xi, which is equivalent to our Koszul model. 



2.2 T(3,oc) 

With rational coefficients, the Khovanov homology of T(3,n) was computed by Turner [|42l . 
The Poincare polynomial of the stable homology is 

^ = (i + i + ,v) + Q v ( g2+t+?2t 1 + _ g4 ;;r 6t2+g4t3 ) . 

Kh a ^(3, oo; Q) is computed in section [3T2l Its Poincare polynomial is easily seen to agree with 
the one given above. 



2.3 Z 2 coefficients 

In many cases, the Khovanov homology with Z 2 coefficients is simpler that the homology with 
rational coefficients. It turns out that the stable answers become especially simple if we work 
over Z 2 . 

Theorem 10 Kh a i g (n, oo; Z/2) has the following Poincare series: 

P(af7)- TT (I + 9 " +4t2m) n J (1 - ^ +4t ") 

r "* 1 '^ 11 (l_ g 2i+2£2i) 11 (]_ + g 4i+4 t 4i+l) • 

Proof. In characteristic 2 the differential d 2 degenerates to the following form: 

tM&fc) = x fc> d 2 (£ 2fc+1 ) = o. 

Therefore for every < k < L^^J the odd generator £ 2i kills x\ in the homology. ■ 

We used JavaKh |6|] to verify that Kh a ^(n, oo; Z/2) agrees with Kh(T(n, m)) in the stable 
range (g-degree < 2m) for (n, m) = (3, 50), (4, 49), (5, 29). 
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2.4 Q coefficients 

If we use rational coefficients, the structure of Kh a i g is more complicated (c.f. the conjectures 
in Section [3] below.) The rational Khovanov homology of torus knots has been extensively 
computed by Shumakovitch iTJTll . By comparing with his results, we have verified ConjectureQ] 
in the stable range up to (n, m) = (7, 20). 

In testing Conjecture \T\ it is important to check that the predictions it makes about Kho- 
vanov homology can be distinguished from the ones we would get if we replaced the differential 
^2(6s) = J2 x i x k-i w i m d' 2 (£,k) = a ik x i x k-i for generic values of a^. In addition to the 
information on torsion discussed in this section, we can see evidence of this fact with rational 
coefficients in the case n = 7. As discussed in Remark l22lbelow. for generic a^, the homology 
with respect to d' 2 has smaller dimension that the homology with respect to d 2 , and the latter 
groups agree with the actual Khovanov homology. 

More precisely, Remark [22] shows that for our choice of the homology in bidegree 
q 18 t 13 is one-dimensional and spanned by the generator /i 5 , while it vanishes for a generic 
choice. Theorem 6 in [|40l states that the (homological) degree i homology of (p, q) torus knot 
are isomorphic to the ones of (p, q + 1) torus knot, if i < p + q — 2. Since 13 < 7 + 9 — 2, we 
conclude that the coefficient at t 13 in stable homology of (7, oo) torus knot coincides with the 
same coefficient for (7, 9) knot. The Poincare polynomial for the Khovanov homology of the 
latter knot is presented in the Appendix C, and the term g 18 t 13 is present. 

2.5 Z p torsion 

The odd torsion in Khovanov homology was studied in [0Q| and lf38l for some classes of knots, 
and [0 shows how complicated the torsion can be on the example of (7, 8) knot. It was sug- 
gested that Khovanov homology can have torsion of arbitrarily large order. The following 
calculation provides support for this claim, as well as some additional evidence in favor of 
Conjectured] 

Theorem 11 Let p > 3 be a prime number. Then Kh a / 9 (p, oo) has nontrivial 7j p -torsion at 
bidegree q 2p+6 t 2 P. 

Proof. Consider an element 



p-i 






i=l 



i+j=p,Ki<p—l 



then 





i+j+k=p,l<i<p— 1 



Since the first sum vanishes, we have 




j+k=p 
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Since degm = q 2 P+ 6 t 2p+1 , the dimension of the kernel of d 2 : C(2p+6, 2p+l) -> C(2p+6,2p) 
jumps by 1 when we reduce it modulo p. Therefore its cokernel has Z p -torsion. ■ 

We have verified the presence of this torsion in Khovanov homology for p = 5, 7. 

3 Algebraic structure 

We now consider the rational homology of the chain complex appearing in Conjecture Q] We 
will work with rational coefficients for the remainder of the paper. 

3.1 Koszul model 

Conjecture [T] tells us to consider the polynomial ring in even variables x , xx, . . . , x n _i and 
equal number of odd variables £o> £i> • • • > £n-i bigraded as 

deg(x k ) = q 2k+2 t 2k , deg(&) = q 2i+ H 2i+1 . 

The differential d 2 is given by the equation 



d2{£,m) = S ^2xkXm~k- (5) 



fc=0 

One can check that this differential preserves the g-grading and decreases the t-grading by 1. 
Remark 12 Consider the generating functions 

n—l n—1 



x (z) = x kz k , t(z) = 



fc=0 fc=0 

If we work over the ring %[z]/ (z n ), we can express the differential as 

d 2 (£(z)) = x(z) 2 . 

At the bottom level of the Koszul complex, we get the quotient of the polynomial ring 
in even variables by the ideal I n generated by the coefficients of the series x(z) 2 . It was re- 
marked by B. Feigin and A. Stoyanovsky ( ITT3T0 that such ideal in the limit n — > oo corresponds 
to the integrable representation of sl 2 at level I, and the equation x(t) 2 is an example of the 
Lepowsky-Primc equations ( Il29l0 . The bigraded Hilbert series of C[x , X\, . . ]/I O0 was com- 
puted in lfT3l by two different methods, and the identity of the answers corresponds to the 
following generalization of the Rogers -Ramanuj an identity (cf. [0): 

°^ q 2p 2 t 2p(p-l) 

H q>t (C[x , x u . . .]/!„) = ^ {1 _ qH 2 Kl _ qHi) _ {1 _ q 2p t 2 P) = ( 6 ) 



7 



2k+2k-2\ 



\ W_-n n TT 11 - - ) ( n 5n 2 +n.5n 2 -3n _ (n+l)(5n+4) .5n 2 +5n\ 

A similar problem was independently studied by C. Brushek, H. Mourtada and J. Schepers in 
0, where it appeared in the computation of the Hilbert-Poincare series of the arc space of 
double point. 

Most of the algebraic constructions below can be considered as a straightforward general- 
ization of these results to the full Koszul homology. In particular, we conjecture the identity 
(fTTT) that degenerates to © at a = 0, and holds up to g 100 in computer experiments. 

It is important to note that if we were to replace d 2 (^k) with d' 2 (£k) = Yl a ikXiXk~i, then 
for a generic choice of we would have different ranks of homology groups. In example [T9l 
we show that the ranks of the homology cannot be obtained from simple dimension count. As a 
result, for the random choice of we would have less homology, and, for example, Theorem 
[35] about the convergence of the Lee's spectral sequence would fail. 

3.2 Examples 

Example 13 Let us compute the stable Khovanov homology for (2, oo) case. We have two even 
generators x , Xi and two odd generators £ , £i- Since d 2 (£, ) = ^q, ^2(61) = 2x xi, we have a 
non-trivial homology generator p = 2x 1 £ — a?o£i- The stable Khovanov homology is spanned 
by the elements 

p(x 1 ) + ax + r(xi)/i 
(remark that xq^q = g? 2 (£o£i)J- The Poincare series has a form 

Example 14 Let us compute the stable unreduced Khovanov homology for (3, 00) case. We 
add the variables X2 and £2 with the differential d 2 (^ 2 ) = 2xo^2 + x\. Let us compute the 
homology of d 2 in this case. 

Lemma 15 Let 

Then 

d 2 (fi ) = d 2 (fii) = 0, x fi = d 2 {€o€i), x fi! - x^o = 2cf 2 (6o6), (7) 
2x 2 fio + xifii = d 2 (£i&), fiifJL2 = -2<i 2 (^o66)- 

One can check that the homology is generated by p and Hi and (0) is the complete set of 
relations between them (this is a special case of Conjectures \23\ and\26\below ). 

Lemma 16 The homology of d 2 is spanned by the elements of the form 

Pi{x 2 ) + x p 2 (x 2 ) + x x p 2 {x 2 ) + ocfM) + Hi(qi(x 2 ) + x q 2 (x 2 ) + x 1 q 2 (x 2 )) 
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Proof. Modulo the image ofd,2 we can eliminate all monomials containing 

2 2 
X Q , XqXi,X 1 , XqHq, XiHq, X2H0, HlfJ>2- 

After this modification the remaining monomials will be linearly independent in the homology. 



Corollary 17 



P3,oo(q,t) 



(1 + g 10 t 5 )(l + q 2 + qH 2 ) 
1 - qH 4 




3.3 Generators and relations 

Let us describe the generators in the homology generalizing /i and p,\ constructed in the pre- 
vious section. 

Lemma 18 Consider the set of indeterminates e a ,b, where a + b = r is fixed, and a, b > 0. The 
system of linear equations 



has a nontrivial solution. 

Remark that the equations in this system are labelled by triples of integers while the vari- 
ables are labelled by pairs. Therefore the number of equations is asymptotically quadratic in r, 
while the number of variables is asymptotically linear, and the system is over-determined. 

Proof. Let e a)b = 2a — b. Then 

e aMc + e b , a+c + e c , a+b = (2a - b - c) + (26 - a - c) + (2c - a - b) = 0. 



Example 19 Consider the case r = 6. The system has 7 equations for 7 variables: 



£a,b+c + £f>,a+c + £c,a+b 







(8) 



2^0,6 + ^6,0 — 0, £q,6 + £ 1,5 + £ 5,1 







^0,6 + ^2,4 + £4,2 — 0, £0,6 + 2^3,3 
2£i >5 + £ 4i2 = 0, £1,5 + £ 2 ,4 + £3,3 = 0, 

Surprisingly, it is has rank 6 and its solution is 



£2,4 = 0. 







(^0,65 £i,5 ? £2,4? ^3,3) £4,2? £5,i> e 6,o) — (— 6, —3, 0, 3, 6, 9, 12). 



We are ready to present some non-trivial classes in stable homology. 



Lemma 20 Let 



s+l 




where the coefficients e a ^ are defined by the equation (!§]). Then (^(/-O = 0. 
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Remark 21 Since the coefficients of d 2 are quadratic in x-variables, the elements (i s do not 
belong to the image of d 2 . 

Proof. We have to check that 

s+2 

^(/^s) = £k,s+3-kXkd 2 (£, s +3-k) = 0. 
k=l 

Let us expand d 2 (£ s+3 -k)- 

s+2 k-1 

£k,s+3—k%k ^ ^ %j%s+3— k— j — ^ ^ {^i,j+k 4~ £j,i+k 4~ &k,i+j)- 
k=l j=l i+j+k=s+3 

It rests to apply the equation ©. ■ 



Remark 22 Example \T9\ shows that for a generic choice of the coefficients of d 2 the corre- 
sponding 7x7 matrix would be non-degenerate, and the d 2 homology would have smaller 
dimension. In particular, for a generic choice of the coefficients d 2 would have no homology 
in bidegree q 18 t 13 . Indeed, the only monomials in this bidegree are x a ^b with a + b — 6. The 
differential maps the space they span to the space spanned by monomials of the form x a xi,x c 
with a + b + c = 6 according to the matrix from Example[ 



Conjecture 23 The homology of d 2 is generated as an algebra by fi s and x,- t . 

Remark 24 In what follows we will use the following description of the generators ji s . Con- 
sider the generating function n(z) = J2^L z s fi s . Then 

ti(z) = 2x(z)£(z)-x{z)i(z). (9) 

Let us describe the generalization of the relations (fT3T ). 

Lemma 25 The following relations hold in the homology of d 2 : 

x{z) 2 = 0, x{z)[i[z) = 0, x(z)p,(z) — x(z)fi(z) = 0, fi(z)fi(z) = 0. (10) 
As before, these relations are to be interpreted as holding modulo z n . 
Proof. 

xfi = 2xx(, — x 2 £ = d 2 (^) 
xfi — xfi = x(2i£ — x(,) — x{2x^ + 2x£ — A£ — x£) = 

-xx£ - x 2 £ + xx'i = --d 2 {£i). 

fifi = (2i£ — x£)(2x£ + i£ — x£) = 

2x\i - 2xx(( + 2xx ii + x 2 & = d 2 m). 
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Conjecture 26 The ideal of relations in the Koszul homology is generated by the coefficients 
of the relations rtTOl) . 

Using Singular 10, we have verified that both conjectures hold for n < 7. Some further 
evidence for the conjectures is provided by Theorem 1461 in the next section. 

Remark 27 Remark that the relations rfTOl) are not independent, and there are lots of syzygies 
between them. For example, first equation presents (i 2 (££) in terms of fi's, so its derivative 
presents d 2 (^) in terms of \i's. On the other hand, the second equation presents d 2 (^) in 
terms offi's. This suggests a syzygy 

d2md 2 (o - d 2 md 2 {i) + d 2 {H)d 2 (o = dim) = o. 

Lemma 28 Assuming Conjecture \23\ Kh a i g (n, oo) contains at most ["^^J "levels", i. e. the 
maximal ^-degree of a homology generator is at most L^^J- 

Proof. Consider the equation n(z)(i(z) = 0. For the odd powers of z, the coefficients look 
like + . . . = 0, for the even powers of z, the coefficients look like /ij/ij+2 + . . . = 

(recall that [i { are odd, so there are no terms \ii\ii). 

Therefore one can eliminate all monomials containing /ij/ij+i and /ij/i i+2 , and the monomial 
of the maximal ^-degree is //o£*3 • • • l^\p^i\ ■ Its degree is \ n ^ L \ + 1 = L^^J • ' 

Finally, let us explain some corollaries of the recent work by Feigin lfT2ll . His work provides 
further evidences for the above mentioned conjectures. Feigin studies properties of the ideal J 
inside R — C[£ , £i, • • • , Xq, a?i, • • • ] generated by coefficients of the power series: 

Viz), £{z)i(z), £(z)Z(z), Z(z)Z(z). 

An easy computation shows that J is preserved by d 2 ; the main object of study of lfT2ll is 
the differential graded algebra i?m = R/J. Feigin shows that Rm is a representation of the 
Virasoro algebra generated by Li, i G Z and c: 

[Li, c] = 0, [An j L n ] = (m — n)L m+n + 5 m+n c. 

The central element c acts by the constant —4/5 on . The algebra R^ has a natural grading 
by the odd variables: 

deg(&) = 1, deg(a;i) = 0. 

The graded components Rm [j] are subrepresentations and Feigin identifies them with some 
particular highest weight modules of L. Let us briefly recall the basics of the highest weight 
theory for the Virasoro algebra. 

The algebra L naturally splits into three parts: the positive part L + generated by Li, i > 0; 
the negative part L~ generated by Li, i < and the span of L , c. From the relations for L 
we see that L is a grading operator; it is customary to call the eigenspaces of L levels. The 
vector from a L-module is called singular if it is anihilated by L + . The Verma module M\ is a 
L-module freely generated from the singular vector on the level A. 
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Theorem 29 / 12] We have 

1. The differential d 2 commutes with the action of the Virasoro algebra. 

2. The graded component [j] is isomorphic to the quotient of the Verma module M\ v 
Xi = (5i 2 — 3i)/2 by a singular vector at the level 2i + 1. 

3. For any i > 0, H\R {1) ,d 2 ) = 

4. H°(R(X), d 2 ) is the irreducible quotient ofM . 

Corollary 30 Lower level of Kh a j a (oo, oo) is the irreducible representation of the Virasoro 
algebra. 

All generators besides of the ideal J besides fa have odd degree at least 2 hence 
Corollary 31 The first homology of d 2 is generated by //j and x„ 

Remark 32 The theorem above is just a particular case of more general result from IH21 that 
might be relevant for studies of sl(N) homology. Also it is very plausable that one can ex- 
tend the result of the last corollary to the higher homological degrees by some bootstrapping 
procedure. We hope to return to this question in our future work. 

3.4 Lee's spectral sequence 

It was conjectured in [9] that Lee's spectral sequence ( 11281 . 11341 ) is induced by a differential d\ 
that commutes with d 2 . We propose a formula for this differential: 

di(£i) = x i- 

Remark that if d\ satisfies the Leibnitz rule, it is uniquely defined by the grading restrictions. 
Let us consider the spectral sequence induced by d\. 

Example 33 Consider the unreduced stable homology of the (2, oo) torus knot. As it was 
shown in the Example\T3~\ the homology is generated by Xq, x\ and /xo modulo relations 

x\ = 2xqX X = x /i = 0. 

Remark that 

rfi(/i ) = d^x^o - x Ci) = 2xiX - x xi = x xi = -d 2 (£i)- 
This means that the second differential in the spectral sequence (knight move) acts as 

6(no) = di o d 2 1 o dx(jio) = c?i(^6) = T^i- 

Therefore /xq kills £i by the knight move, and the spectral sequence converges at E 3 page to the 
two-dimensional space 

E 3 = =< l,x > . 
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Remark 34 One can find an apparent contradiction in this result — the homology of d\ is 
clearly one-dimensional, while the spectral sequence converges to a two-dimensional space. 
This problem is caused by the infinite dimension of the homology. One can check that for a 
finite (2, m) knot (i.e. for a suitable finite -dimensional quotient of this complex) the homology 
of di will be two-dimensional — one generator will be 1, while the degree of the second one 
will grow as m increases. 

Motivated by this example, we formulate the following algebraic counterpart for the con- 
jectures from [|5) and [1341 . The following theorem holds module Conjectures 1231 and 1261 

Theorem 35 Consider the spectral sequence induced by d\ acting in the homology ofd2. Then 

a) E 1 = E 2 = H*(d 2 ). 

b) E 3 = =< l,x > . 

In particular, the spectral sequence converges at the E 3 page. 

Proof. We know that the stable homology are generated by fx s and x^, therefore the multi- 
plicativity of the spectral sequence allows us to focus on these generators. Remark that 

5+1 s + 1 3+1 s + l 

di(n s ) = = — — x k x s+ i- k = — — cf 2 (6s+i)- (11) 

k=0 k=0 

Here we used the equation 

£fc |S+ i-fc + e s +\-k,k = 2k - (s + 1 - k) + 2(s + 1 - k) - k = s + 1. 
We can compute the second differential in the spectral sequence 5(p, s ) using the equation (fTTT) : 

<5(/i s ) = d x o d^ 1 o di{p, s ) = ^(^-^s+i) = ^—x s+ i. 
Therefore all even generators Xi will be killed by by the knight move. ■ 

Remark 36 One can reformulate this proof in terms of the generating series. We have 

di(p,(z)) = di(—x(z)i(z) + 2x(z)£(z)) = —x(z)x(z) + 2x(z)x(z) = x{z)x{z) = -d 2 (i(z)). 
Therefore 

5(fi(z)) =d x o d 2 l o diOO)) = di(-i(z)) = -x(z). 

One can prove the similar theorem for the reduced homology (see below). In the reduced 
case, the Eoo term will be one-dimensional and spanned by 1 . 
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4 Poincare polynomials 
4.1 Bosonic formula 

In this section we give a conjectural formula for the Poincare polynomial of Kh a i g {n, oo) for all 
n. This formula comes from the computer experiments, and it can be considered as a potential 
generalization of the "bosonic" side of the Rogers-Ramanujan identity in [fT3l (see also ll22l . 
[fT4l . (301). It is worth to note that this "bosonic formula" was obtained in [13 ] with the usage of 
the localization technique on the affine flag variety for si (2). We plan to compare this approach 
with the one proposed below in the future. 

Recall that the lower level of the stable unreduced Khovanov homology of (n, oo) knot can 
be described by the quotient of C[xo, . . . , aV-i] by the ideal generated by the coefficients of 
x(z) 2 atz°,...,z n -\ 

Conjecture 37 Let z = q 2 t 2 . The unreduced Hilbert series for the lower level ofKh a i g (n, oo) 
has the form 

oo p 

Ln(i, t) = m _ i(1 _ g2fct2fc _ 2) £(-ir IB 1 - ^ 2k ~ 2 ) >< (12) 



n - 2p + 1\ f 0+ iv 5 „ + 4U5^ +5 » fn-2p-l 



q 5p 2 +p t 5 P 2 -3p I" "V ^ ± \ _ q (p+l)(5p+4) t 5p 2 +5p I 

Here we use the standard z-binomial notation: 

1 — z k ( m\ \ml 

[m\\ z = " " 
fc=i 



nl — ^ / l \ \lltl\z , , s 



- (!], 

Remark 38 In the limit n — > oo the z-binomial coefficients degenerate to simple products: 
2p+l\ (n-2p-l\ n^oo 1 yr 1 



therefore the equation 4721) has a limit 



TTzzs ?5 ng/if hand side of the generalized Rogers-Ramanijan identity ©, and therefore in 
this limit the Conjecture \37[follows from the results of/fiJl/. 

One can try to extend the equation ([T2T) to higher levels of the Koszul homology. 
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Conjecture 39 The unreduced Hilbert series for Kh a / ff (n, oo) has the form 



n-1 2p-l 

J] (l + q 2k +H 2k+1 ) l[(l + q 2k+2 t 2 

fc=3p+l k=l 



[ g V+ P ^-3p (l + x + g 6 P+ 4 t 6 P -l )(1 + q 6 P+H 6p+^ fa 2p + l\ + 

\ P J z 

V /' 

q 5p 2 +9p+4 t 5p 2 +5p^ 1 + ? 2p+2 t 2p+l^ 1 + ^+g4p+2 £ 4p-l) Al - 2j? - 1 

where Xp — vv/zen p = 0, x+ = 1 /or p > an J ?/ze second product under inside sum is 1 
when 3p + 1 > n — 1. 

4.2 Fermionic formula for T(oo, oo) 

Based on the experimental data, A. Shumakovich and P. Turner conjectured that the Poincare 
polynomials for the Khovanov homology for (n, n + 1) torus knots satisfy the following recur- 
rence relation. 

Conjecture 40 ([37]) Let JC n (q, t) denote the Poincare polynomials for the Khovanov homol- 
ogy for the (n, n + 1) torus knot. Then 

K n (q,t) = K n -i{q,t) + JC n „ 2 (q,t)q 2n t 2n ~ 2 + /C n _ 3 (?, t)q 2n+ H 2n ~\ (14) 

Let us construct a combinatorial model for this recursion relation. Consider the sequences 
of 0's and l's with no blocks of the form 1111 anywhere and no blocks 111 except, possibly, 
the beginning. Such sequences are split (outside the beginning) into l's and 11 's separated by 
blocks of 0's. 

Example 41 For n = 3 all 8 sequences are admissible. For n = 4 we have 14 sequences: 
1111 an d 0111 are forbidden. 

We weight such sequences by a product of terms corresponding to blocks of l's appearing 
in the sequence. The weights are as follows: 

1) 1 1 1 in the beginning: q 12 t 5 ; 

2) 1 at position n (first digit has position 0): q 2n+2 t 2n ; 

3) 11 starting at position n: q 2n +^t 2n +^_ 

Let K n be the weighted state sum for length n sequences; that is, the sum of the weights 
for all such sequences. 
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Lemma 42 K n satisfies the recursion relation (fT4l) and agrees with fC n for n = 1, 2, 3. 

Proof. Let us check the recursion relation. If a sequence ends with 0, this accounts to K n _\. 
If a sequence ends with 01, this accounts to K n ^ 2 {q, t)q 2n t 2n ~ 2 . If a sequence ends with Oil, 
this accounts to if n _ 3 (g, t)g 2n+4 t 2n_1 . The values of K n for n — 1, 2, 3 are easily checked. ■ 

Let us write the formula for the limit K(q, t) = lim n _ >00 K n (q, t). 
Theorem 43 

Proof. First, let us assume that we have no 1 1 1 in the beginning. Let U p (q, t) be the state 
sum with p blocks of units. A sequence with p + 1 blocks can be one of the following: 

1) Starting with 10 at position k, what accounts to q 2k + 2 t 2k ■ (q 2 t 2 ) p ( k+2 ^U p . If we sum over 
all k, we get 

q 4 P +2 t 4p 

1 _ ? 2(p+l) t 2(p+l) U P- 

2) Starting with 110 at position k, what accounts to q 2k + 8 t 2k+3 ■ (q 2 t 2 ) p ^ k+ ^Up If we sum 
over all k, we get 

^6p+8^6p+3 
1 _ ? 2(p+l) t 2(p+l) ^P- 

Summing up, we get 

g4p+2^4p^ + ^2p+6^2p+3>| 



1 _ g 2(p+l) t 2(p+l) U V 

Therefore 

r/ (a t) - n^M^) (1 ± qH3){1 + ^ • • • (1 ± g 2P+4 ^ P+1 ) 
p{q,) 9 (l-q 2 t 2 )(l-qH*)...(l-q 2 Pt 2 P) ' 

Let V p (q, t) denote the state sum where we allow 1 1 1 in the beginning. Then 

V p = U p + q 12 t 5 (q 2 t 2 ) 4p U p = (1 + q 8p+12 t 8p+5 )U p . 



We can verify directly that the Euler characteristic of K(q, t) agrees with the stable Jones 
polynomial of T(oo, oo): 



Lemma 44 

K(q,-1) 



1-q 2 
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Proof. Remark that 



2p2 (l-g 6 )(l-g 8 )...(l-^+ 4 ) _ 2p2 (l- g 2 ^ 2 )(l-g 2 ^ 



;i_g2)(l_g4)...(l_g*) * (I_g2)(l_g4) ' 

\/ p (g,-l) = (l-g 8p+12 )^(g,-l). 
Therefore we have to prove that 

oo 

]T q 2p \l ~ q 2p+2 )(l ~ g 2p+4 )(l - g 8p+12 ) = l-q i - (16) 

p=0 

This follows from the direct expansion of the left hand side: all terms will cancel out except 1 
and — g 4 . ■ 

Comparing the "fermionic" formula (|15t1 with the "bosonic" formula (IT3T > in the limit n — > 
oo suggests the following identity. The a-grading from HOMFLY homology can be traced on 
both sides. 

Conjecture 45 (" Khovanov-Rogers-Ramanujan identity") Let 

°° P h -L /7 2 /r 2 .?>2j + l\ 

A(a, q,t) = J2 ^ 2 * 2P(P - 1} (1 + aV^t^) JJ { ■ 

p=0 j=l ^ 9 ' 



1 - q 2k t 2 



Then 



n fc =i(i - 9 2 ^ 2fc 2 ) ^ ^ (i - q 2k t 

oo 2p-l 

x J] (1 + a 2 q 2k+ H 2k+1 ) H(l + a 2 ? 2 *- 2 * 2 *- 1 ) x 

fc=3p+l fc=l 

[g 5p2+p t 5p2 " 3p (l + xja 2 ? 6p t 6p_1 )(l + aV P+2 t 6p+1 ) + 

a 2 g 5p2 + 7p-2 t 5p2 + 3p-l (1 + a 2 g 6p+2 t 6p+l )(1 _ g 2 P +2 f 2 P) _ 
? V+9p+4 £ 5^+5 P(1 + a 2 g 2p-2 t 2p+l )(1 + + 2^-2^-1)] 



A(a,q,t)=B(a,q,t). (17) 

100 



Using a computer, we have checked that the identity holds up through terms of order q 
The following theorem provides some evidence in support of Conjectures 1231 and |26| 

Theorem 46 The Hilbert series of the algebra generated by \i n {n > 0) and X{ (i > 0) and 
satisfying the relations in equation (flOl) is K(q, t). 
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Proof. The elements [i n have grading 

deg(/x n ) = q 2n +H 2n+3 . 

Let us return to our combinatorial model: 

1) 1 at position n corresponds to x n . 

2) 11 starting at position n corresponds to fM n . 

3) 1 1 1 in the beginning corresponds to xofii. 

We have to check that we can eliminate the following products using the relations: 

XiXi+i, Xi(j, i+ i (i>0), 

We can eliminate x 2 and XiXi + ± using the equation x(z) 2 = 0; /ij/ij+i and /ij/ii +2 using 
the equation fx(t)fi(z) = 0. Finally, we can eliminate Zj/ij, Xj +2 /ij using two 

remaining equations 

x(z)/i(z) = x(z)n(z) — x(z)fi(z) = 0. 



5 Reduced homology 

In this section we briefly review the structure of the reduced stable homology. We conjecture 
that the construction and the differential are exactly the same as in the unreduced case, but we 
have to omit x and £ - Therefore we get the following result. 

Consider the polynomial ring in even variables xi, . . . , x n _i and equal number of odd vari- 
ables £l, . . . , £n-i bigraded as 

deg(x fc ) = q 2k+2 t 2 \ deg(£i) = g 2i+4 t 2j+1 . 

The differential d 2 is given by the equation 



m— 1 



d 2 (£m) = J^arjfeXjn-fc. (18) 
k=l 

Conjecture 47 77?e stable reduced Khovanov homology of (n, oo) knot is isomorphic to the 
homology ofC[x\ . . . , x n -i, £i, . . . , £ n -i] with respect to d 2 . 

Example 48 (cf. /Tiol/) Let us compute the reduced homology of the (4, oo) knot. We have 

efe(fi) = 0, d 2 (6) = ^2(6) = 2xix 2 . 

Analogously to the Example 1731 we can introduce a homology generator JIq = 2x 2 £ 2 — £1^3 
anJ check that the homology is spanned by the expressions of the form p(x 2 ) + ax\ + J^qix^) 
up to multiplication by polynomials in ^ and x 3 . Therefore the Poincare series has a form 



4,00 



1 - g 8 i 6 ) V 1 - <? 6 ^ 
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Remark that the reduced and unreduced differentials look similar up to a shift of grading. 
More precisely, modulo the multiplication by £ x and x n _i we can replace & by £, ; _ 2 and Xj by 
to get the unreduced stable homology of the (n — 2, oo) knot. We get the following result. 

Lemma 49 Modulo the multiplication by £1 and* x n -\ the reduced stable homology of the 
(n, oo) toras knot is isomorphic (as a vector space) to the unreduced stable homology of the 
(n — 2, oo) torus knot. 

One can reconstruct the grading shifts for this correspondence, and obtain an analogue of 
the equation (PT3l) for the reduced homology. 

Conjecture 50 The reduced Hilbert series for the (n, oo) knot Khovanov homology has a form 

™ t] = YY^^)P~ ir W~ q2t+H ^ X <19) 



ra-1 2p-l 

j[ (l + q ^H 2k+7 ) H(i + g 2fc+6 t 2 

fc=3p+l fe=l 



^5p 2 +5p t 5p 2 +p^ _|_ _|_ q 6p+12 t 6p+7j f n 2 P + 1 j + 



P 



2 



? 5p 2 +llp+6 t 5p 2 +7p+3^ 1 + ^,+12^+7^ _ q 2p+4 f 2p+2^ ^ 2 P^ 

^5p 2 +13p+8 t 5p 2 +9p+4/ 1 + q 2p+4 t 2p+3\M + ^4p+6^4p+3N f n ~ 2 P ~ 1 

\ P 

where the second product under inside sum is 1 w/zen 3p + 1 > n — 1. 
Remark 51 /f was conjectured in [9] that 

P 2t0O (q,t) = (1 + g 6 t 3 )(l + g 4 t 2 + qh 4 + ...), 
■= , _ 1 + q 4 t 2 + qH 3 + q 10 t 5 

^3,ooU,t) - 1 _ ^ , 



One can check that these answers coincide with the above construction (see Appendix B for a 
comparison ). 
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6 Matrix factorizations 



In different physical models of knot homology (e.g. 11181 . 11191 ') the colored homology of the 
unknot is described in terms of the matrix factorizations. Following the discussions in previous 
section, we are focusing on the unknot coloured by the nth symmetric power of the fundamental 
representation of sl(2). 

Definition 52 (7 f771/ ) A matrix factorisation of a function W over a ring R is a pair (M, d), 
where M = M + M 1 is a Z 2 -graded R-modules of finite rank equipped with an R-linear map 
d of odd degree satisfying the equation d 2 = W ■ idM- 

We will need the following basic facts about matrix factorizations: 

Theorem 53 (a) ( K2U\I ) The Hochschild cohomology of the algebra of functions on C n equals 
to the algebra of polyvector fields on C™. 

(b) (UdEl) Consider a function W : C n ->• C. Then the Hochschild cohomology HH(MF(W)) 
of the category of matrix factorizations ofW equals the Koszul homology of the complex ob- 
tained from polyvector fields by the contraction with dW. 

(c) (e.g. [10]) IfW has an isolated singularity, then HH(MF(W)) is isomorphic to the 
Milnor algebra ofW at this singularity: 



HH(MF(W))=C[x u ...,x n ]/ 



dW dW 
j • • • j 



dx i dx Ti 

Remark that we can dualize the Koszul complex (b) and obtain the differential 

dW 

D w (dxi 



ex- 



acting as a derivation on the algebra C[xi, . . . ,x n , dxi, . . . , dx n ] of differential forms on C™. 
Now the part (c) follows from the well known fact that W has an isolated singularity if and 
only if its partial derivatives form a regular sequence. 

The following potentials (with isolated singularities) were proposed for the totally symmet- 
ric representations by S. Gukov and J. Walcher: 

Proposition 54 (/ITffl/) The generating function for the (sl(N), S k ) potentials has a form: 

oo / k \ / k 

z N+k (-i) N w sm>sk (a*, . . . , x k ) = l + J2 zi *i ln 1 + E 

iV=0 \ i=l /V i=l 

The(sl(N), S k ) colored homology of the unknot coincides with the Milnor algebra of the cor- 
responding potential. 

We slightly change notations and write 

W phys (x , . . . ,x n _i) = W,t(2),s*(aJo, • • -,x n -i) = Coef„ +2 [(1 + zx{z)) ln(l + zx{z))\ , 
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where x(z) = XT=o z%x i- 

Let us assume that X{ are bigraded as above: deg(xj) = q 2l+2 t 2t . Then the differential D w 
will preserve both gradings iff W is bihomogeneous. Let W n (xo, . . . , x n -i) be the piece of 
bidegree (2n + A,2n — 2) in W p h ys - 

Lemma 55 The potential W n can be written as follows: 

W n (x , . . . , x n -i) = -^Coef n _i[x(z) 3 ]. 

o 

Proof. Remark that the difference between q- and t-gradings for Xi equals to 2. Therefore 
the piece of bidegree (2n + 4, 2n — 2) should be cubic in Xi. Now 

(1 + zx(z)) ln(l + zx(z)) = zx(z) + \z 2 x(z) 2 - \z i x(zf + . . ., 

2 6 

so the cubic part equals to — ^z 3 x(z) 3 . ■ 



Example 56 We have 



— 1 , — 1 , 

W = Wi = --XqXl 

o 2 



Remark that W\ has a non-isolated singularity. 

Theorem 57 The Hochschild homology of the category of matrix factorizations of the potential 
W n is isomorphic to the homology ofd 2 . 



Proof. From Theorem 1531 it is sufficient to study the Koszul complex associated with the 
partial derivatives of W n . We have 

TT W ^ = -77^Coef„_ 1 [x(^) 3 ] = --Cocf n ^[x(z) 2 —x(z)} = 
dxi 6 oxi ' 2 oxi 

--Coef n _i[z*a;(z) 2 ] = -^Coef^^xO) 2 ]. 



Therefore 



Q I I 1 

D Wn (dx n - 1 - i ) = W n = - -Coef \[x(z) 2 } = ~-^2 x j x j-i- 



dx n —i—i 2 2 

j=0 



It rests to identify 

£i 2dx n —\—i. 



Appendix 
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A Unreduced Poincare series 



Here we collect the answers for the Poincare series of Kh a?9 (n, oo) for n < 7. These series 
were computed using Singular (H. The resulting series coincide with Shumakovitch's com- 
putations 11371 up to high g-degree. For example, for (7, 20) torus knot the first difference is in 
g-degree 42. 

For the reader's convenience, we multiply both parts of the equation (fT3l) by niLi(l ~~ 

q 2i t 2i-2y 

(1 - q 2 )(l - qH 2 )P 2 (q, t) = (1 + q 8 t 3 ) - q\l + q 8 t 3 ) - qH\l - q 2 )(l + qH) = 

(l-g 2 )(l + g 2 -g 6 t 2 + g 8 t 3 ); 

f[(l - 4*1*-*)P 3 {q, t) = (l + q 8 t 3 )(l + q W t 5 ) - q\l + qh 3 )(l + q W t 5 )- 

i=l 

qh 2 {l - q 2 ){\ + qH){\ + g 2 t 2 )(l + q w t 5 ) - q l H 7 {I - g 2 )(l - qH 2 )(l + qH) = 
(1 - g 2 )(l - g 4 t 2 )(l + q 2 + qH 2 + qH 3 + q 10 t 5 + g 12 t 5 ); 



n(i-g 2 V i - 2 )P4(g,t) = (l + g 8 t 3 )(l + g 10 t 5 )(l+g 1 V)-g 4 (l + g 8 t 3 )(l+g 10 t 5 )(l + g 1 V)- 

i=l 

qH 2 (l - q 2 )(l + qH)(l + g 10 t 5 )(l + g 12 t 7 )(l + g 2 t 2 + g 4 t 4 )- 
g 14 t 7 (l-g 2 )(l-g 4 t 2 )(l + g 4 t)(l + g 12 t 7 )(l + g 2 t 2 ) + g 18 t 10 (l-g 2 )(l + g 4 t)(l + g 6 t 3 )(l + g 4 t 3 ); 

5 4 4 

JJ (1 _ q 2 H 2i-2 )p ^ t) = JJ (1 + ^+6^+1) _ q A JJ (1 + q 2i+6 t 2i+ly 

i=l i=l i=l 

qH 2 (l - q 2 )(l + qH)(l + q 2 t 2 + qH 4 + qH") f[(l + q *+H 2i+1 )- 

i=2 

q l H\l - q 2 )(l - qH 2 )(l + qH)(l + q 12 t 7 )(l + q u t 9 )(l + q 2 t 2 + g 4 t 4 ) + 
g 18 t 10 (l - g 2 )(l + g 4 t)(l + g 6 t 3 )(l + g 2 t 2 )(l + g 14 t 9 )(l + g 4 t 3 ) + 
g 2 V 4 (l - g 2 )(l - g 4 t 2 )(l + qH)(l + q e t 3 )(l + q 8 t 5 ); 

i=i i=i i=i 
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g 6 t 2 (l - g 2 )(l + qH)(l + q 2 t 2 + g 4 t 4 + g 6 t 6 + q 8 t s ) + q *+H 2i+1 )- 

i=2 

g 14 t 7 (l - q 2 )(l - qH 2 )(l + g 4 t)(l + q 12 t 7 )(l + g 14 t 9 )(l + g 16 t n )(l + q 2 t 2 + qH A + qH 6 ) + 
g 18 t 10 (l - g 2 )(l + qH)(l + g 6 i 3 )(l + q 2 t 2 + g 4 t 4 )(l + g 14 t 9 )(l + g 16 t n )(l + g 4 t 3 ) + 
g 2 Y 4 (l - q 2 )(l - qH 2 )(l + qH)(l + g 6 t 3 )(l + g 8 t 5 )(l + g 16 t n )(l + q 2 t 2 + g 4 t 4 ) + 

g 36 t 25 (1 _ g 2y _ g 4 t 2 )(1 _ g 6 t 4 )(1 + + ^3)^ + ^5). 



- g 2l t 2i ~ 2 )P 7 (g, t) = + q ^+h 2l+l ) - g 4 + g 2l+6 t 2m )- 

i=i i=i i=i 

qh 2 {l - g 2 )(l + g 4 t)(l + q 2 t 2 + gV + g 6 t 6 + q 8 t 8 + q 10 t 10 ) f[(l + q 2i +H 2i+1 ) 



i=2 
6 



g 14 t 7 (l - g 2 )(l - g 4 t 2 )(l + g 4 t)(l + g 2 t 2 + g 4 t 4 + g 6 t 6 + g¥) ]^[(1 + g 2l+6 t 2i+1 ) + 

g 18 t 10 (l-g 2 (l+g 4 t)(l+g 6 t 3 )(l+g 4 t 3 )(l+g 2 t 2 +g 4 t 4 +g 6 t 6 )(l+g 14 t 9 )(l+g 16 t n )(l+g 18 ^ 
g 22 t 14 (l-g 2 )(l-g 4 t 2 )(l+g 4 t)(l+g 6 t 3 )(l+g 8 t 5 )(l+g 16 t 11 )(l+g 18 t 13 )(l+g 2 t 2 +2g 4 t 4 +g 6 t 6 +g 8 t 8 ) 

g 36 t 25 (1 _ g2)(1 _ g 4 t 2 )(1 _ g 6 t 4 )(1 + + ^3) (1 + ^5 )(l + ^13)^ + q 2 f 2 + ^y 

g 42 t 30 (l - q 2 )(l - g 4 t 2 )(l + g 4 t)(l + q 6 t 3 )(l + g¥>)(l + q 10 t 7 )(l + q 6 t 5 ); 

B Reduced Poincare series 

Here we collect the answers for the conjectural Poincare series of stable reduced Khovanov 
homology for n < 7. The resulting series coincide with the data from [37 1 up to high g-degree. 
For example, for (5, 49) torus knot the first difference is in g-degree 100, for (6, 25) the first 
difference is in g-degree 52, for (7, 15) the first difference is in g-degree 32. 

^(g,t)= ^T+W 1 "^ 
lL=i(l -g 2i+2 t 2, j 

p^ t ) = „ 1 + g6t3 -[(1 + g 14 t 9 ) - g 8 t 4 (l + g 14 t 9 ) - g 1( ¥(l - g 4 t 2 )(l + g¥>)]; 



m=i(i-^ +2 t 2i ) 

FUiC 1 -q 2l+2 t 2 *) 

q 10 t\l - qH 2 )(l + g 8 t 5 )(l + g¥)(l + g 16 t n ) - g 2 ¥ 5 (l - g 4 t 2 )(l - g 6 t 4 )(l + g 8 t 5 )]; 

P«(Q, t) = =r 5 )^ qH " 2l J (l + Q U t 9 )(l + g 16 t n )(l + g 18 * 13 )- 
Ui=i( l -q 2l+2 t 21 ) 
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qH\l + g 14 t 9 )(l + g 16 t n )(l + g 18 t 13 )- 
q 10 t%l - qH 2 )(l + g 8 t 5 )(l + q ie t u )(l + g 18 t 13 )(l + q 2 t 2 + g 4 t 4 ) — 

? 2 V 5 (i- g 4 t 2 )(i-g 6 t 4 )(i+ ? 8 ^ 



P 7 (g, t) = n a_] 1 ^L^ ) [II( 1 + ^ +T ) ~ + ^ +12 ^ +7 )- 



4 



g 10 t 6 (1 _ g 4 t 2 )(1 + g 8 t 5 )(1 + q 2 t 2 + ^4 + ^6) JJ (1 + ^+12^+7) _ 

i=2 

g 2 V 5 (l - g 4 t 2 )(l - g 6 t 4 )(l + g 8 t 5 )(l + g 18 t 13 )(l + g 20 t 15 )(l + g 2 t 2 + 
g 26 t 18 (l - g 4 t 2 )(l + g 8 t 5 )(l + g 10 t 7 )(l + g 2 t 2 )(l + g 20 t 15 )(l + qH b ) + 

C (7, 9) torus knot 

We present the exact normalized Poincare polynomial for the unreduced Q-Khovanov homol- 
ogy of the (7, 9) torus knot, obtained with JavaKh ([ 6]). 



g- 47 P(T(7, 8)) = l + g 2 +g 4 t 2 +g8t3 +g 6 t 4 +g 8 t 4 +g 10 t 5 +g 12 t 5 +g 8 t 6 +g 10 t 6 +g 12 t 7 +g 14 t 7 +g 10 t 8 + 

2g 12 t 8 + g 14 t 9 + 2g 16 t 9 + g 12 f 10 + 3^10 + ^11 + g^ll + ^12 + ^12 + g 18 t 12 + 
g 22 t 12 + g 18 f 13 + 4g 20 t 13 + ^13 + g^U + ^14 + ^14 + ^22^15 + ^15 + 2 g 2 °t 16 + 

3g 22 t 16 + 2g 26 t 16 + g 28 t 16 + 4g 24 t 17 + Aq 2 H 17 + g 22 t 18 + 3g 24 t 18 + 2g 28 t 18 + g 3( ¥ 8 + 2q 2 H 19 + 

5g 28 t 19 + g 24 t 20 + 3g 26 t 20 + ^30^20 + ^32^20 + ^21 + ^21 + ^28^2 + ^22 + 2^22 + 
5g 32 t 23 + g 34 t 23 + ^24 + 3^24 + 3^24 + ^34^25 + ^25 + ^26 + ^36^26 + 2^26 + 
g 40 t 26 + 3g 38 t 27 + ^27 + ^27 + ^38^28 + ^28 + 2g 42 t 29 + ^42^30 + ^46^30 + g 46 t 31_ 

The total dimension of the homology equals to 134. One can observe the multiplicative 
generators of the following (bi)degrees: 

deg(xo) = <? 2 , deg(xi) = qH 2 , deg(x 2 ) = g 6 t 4 , deg(x 3 ) = q s t 6 , 
deg(x 4 ) = g 10 t 8 , deg(x 5 ) = q 12 t 10 , deg(x 6 ) = q 14 t 12 , 

deg(/i ) = g 8 t 3 , deg^O = q 10 t 5 , deg(/x 2 ) = q l2 t\ 
deg(/z 3 ) = q u t 9 , deg(/z 4 ) = q ie t u , deg(/i 5 ) = g 18 t 13 . 
Let us consider Z 2 coefficients. The Poincare polynomial equals to: 
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q~ 47 P 2 (T(7, 9) ) = 1 + q 2 + qH 2 + qH 2 + qH 3 + q 8 t 3 + q 6 t 4 + q 8 t 4 + q w t 5 + q 12 t 5 + q 8 t & + 2g 10 t 6 + 

g 12 t 6 + g 10 t 7 + 2q l2 t 7 + q l H 7 + g 10 t 8 + 2g 12 t 8 + + 2g 14 t 9 + 3^9 + ^9 + g 12 f 10 + 3g 14 f 10 + 

3g 16 t 10 + g 18 t 10 + q l H ll + 3g 16 t ll + 3g 18 t ll + q 2 h ll + g 14 t 12 + 3^12 + 3^12 + ^12 + 
g 22 t 12 + 3g 18 t 13 + g g 20 t 13 + g^lS + 3^14 + ^14 + 3^14 + ^14 + g^lS + ^15 + 
4g 24 t 15 + g 26 t 15 + 2g 20 t 16 + ^16 + ^16 + 3^16 + ^16 + ^17 + ^17 + ^17 + 
g 28 t 17 + g 22 t 18 + 5g 24 t 18 + g^lS + 3^18 + ^18 + ^19 + ^2^ + ^28^19 + 3^ 19 + 
g 24 t 20 + 3g 26 t 20 + ^28^0 + ^30^0 + 3^20 + ^21 + 9g 30 t 21 + ^32^21 + 2g 28 t 22 + 

5q 30 t 22 + 5q 32 t 22 + 3q 34 t 22 + q 3 H 22 + 2q 30 t 23 + 6q 32 t 23 + 6q 3 H 23 + 2q 3 H 23 + q 30 t 24 + 3q 32 t 24 + 
6q 34 t 24 + 5q 3e t 24 + q 38 t 24 + 4q 3 H 25 + 6q 36 t 25 + 2q 38 t 25 + q 34 t 26 + 3g 36 t 26 + 4g 38 t 26 + 2g 40 t 26 + 

g 36 f 27 + 4g 38 t 27 + ^27 + ^27 + g 38 f 28 + 3^28 + ^28 + ^29 + ^29 + ^29+ 

g 42 t 30 + 2g 44 t 30 + ^30 + ^31 + ^31 

The total dimension of the homology is 286 (about twice bigger than for Q-coefficients), 
and the bidegrees of the multiplicative generators are equal to: 

deg(xo) = q 2 , deg(xi) = qH 2 , deg(x 2 ) = q 6 t 4 , deg(x 3 ) = q 8 t 6 , 

deg(x 4 ) = g 10 t 8 , deg(x 5 ) = q 12 t w , deg(x 6 ) = q 14 t 12 , 

deg(£i) = qH 3 , deg(£ 3 ) = q W t 7 , deg(£ 5 ) = q 14 tH. 

Finally, one can check that the Khovanov homology of this knot has nontrivial Z 7 -torsion 
in degree q 20 t 14 . 
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